232
S. P. PHILIPP, V. L. SHAPIRO AND W. H. SILLS (2) limί K(x-y)dμ(y) which is known to exist and be finite almost everywhere [1, p. 118 
K(x)dx t->0;T-+oo JB(O,T)-B(θ,t)
is the principal-valued Fourier transform. We will denote the Abel means of (3) by ( 
) I R {x) = (2π)
With λ = (k -2)/2, PI will designate the Gegenbauer polynomials defined by the equation ( 5 ) (1 -2ρ cos θ + ρ 2 )~λ = Σ p n P*(co8 0), 0 ^ p < 1 .
%=0
These functions allow us to form the Laplace series Σ~=i ^(ί) of surface harmonics attached to Ω(ξ) on the unit sphere S in E k by means of the equation
Γ{X)^ λ) f^[(g> V)]Ω(V)dσ(V)
(see [2, Chapter 11] ). Formulas (5) and (6) give the Poisson integral representation p2)2)λ+ι which is valid for 0 <; p < 1. The assumptions on β(f) imply that -o. Our proof will closely follow the original proof in [5] . We shall use, in addition, generalizations of certain statements in [5] obtained by V. L. Shapiro in [6] . Before outlining the proof, we will need some lemmas. 4* Basic lemmas* Throughout the balance of this paper, Σ~=i Yn(£) will designate the Laplace series for Ω(ζ) on the unit sphere S in E k . We will denote sup{Γ. 
Also, K(0) = 0 and the series converges absolutely and uniformly. Next we set
, is a Bessel function of the first kind of order n + λ. The H k {R) arise naturally in the computation of I B (x).
The first statement of (i) is proved in [6, Lemma 24, p. 64] . Also, as in formula (25) 
is a consequence of (ii) and Lemma 1, (i) .
In what follows we will set p = VTTΎ/R 2 -1/R, R > 1. We note that 0 < p < 1 and p -•* 1 as R -* co. [7, p. 202] . By Jo differentiating the integral and replacing a by R~ι and v by the appropriate integer, one shows that
and so on. The general formula for Hl s (R) = (n(n + 2) (n + 2s -2))~:.
\ e^^tfJais-iifydt, s ^ 1, is obtained by induction. We formalize this Jo in the next lemma, whose proof we leave to the reader. 
Using the standard argument [10, p. 90 and Th. 3.15] we split the integral over the sets S(ζ, 1 -p) , S -S(ξ, 1 -p) and use the inequality (1 - To establish the lemma we note that the recursion formula (11) implies that the coefficients Cj(ri) are ratios of polynomials in n with integer coefficients and that the denominators are products of unrepeated factors of the form n + p, p a nonnegative integer. Also, because b(n, s) = O^" 1 ) and C\(n) = 1/n, an obvious induction argument shows that C){n) = 0(n~j) as n-> oo. It follows that each C s ά {n) can be written as a finite sum of the form Σ A%j{n + p) q , the A% being independent of n. Hence, in order to establish the lemma it is enough to prove that for q a positive integer ΣΓ=ii°ny»(f)/(w + ί?) g is uniformly bounded in p, ζ. This follows at once from induction, integration, Lemma 1, and the fact that by Lemma 3, ρ p~L Σ~=i P n Y n (0 is uniformly bounded for 1/2 < p < 1 and ζ in S. To prove the lemma we put A o = 0 and A n = Σϊ=i1| Y k \\o. We sum (1 -p)Σ£=i\\Y \\-P* by Parts to obtain (1 -p) 2^n =l A n p
where we have used the inequality Σ«-=i nβ P n = Const. 1/(1 -ρ) lΛβ , /9>0,0g i o<l. Next we observe from (8) (10) and (9) almost everywhere. Thus, in order to prove Theorem 1, it is sufficient to prove that at each point x for which (14) holds,
With no loss in generality we will assume that x -0. Set x -0 in (4) and interchange the order of integration using (1) . Next introduce spherical coordinates r k~ι drdσ(ξ') = dy where ξ' = y/\y\ and r = \y\ and use Lemma 1, (ii) to obtain
where η = w/\w\. By [9, p. 368 (2) 
Next, interchange summation and the integral in r. Letting Δ R denote the term in brackets in (15) we obtain
where ς --w/\w\. 
JB(O,T)--B(O,1IR
The proof of the fact that for fixed T, J 3 = o(l) as i2 -• oo is similar to that given in [5, p. 14] . In the case k = 3, we replace a in the above integrals by 7, where 7 is chosen so that 0 < 7 < a, and use Lemma 6.
